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Note: This paper is more than ten years old and has been re-
jected by a couple of journals. I am posting it on the arXiv (after
minimal editing) since I think there is still some interest in these
questions.
Abstract
I define three “measures” of the complicatedness of a finite group
in terms of bases in permutation representations of the group, and
consider their relationships to other measures.
1 Introduction and history
The purpose of this paper is to define and investigate three functions which
in some sense “measure” the complicatedness of a finite group. The func-
tions are defined in minimax fashion in terms of base size in permutation
representations of the group. The values of these measures for symmetric
groups will be given.
I begin with a brief account of some similar measures, which are related
to the new measures in various ways.
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If f is a function from (isomorphism classes of) finite groups to natural
numbers, let f ′ be the function defined by
f ′(G) = max{f(H) : H ≤ G}.
The function f ′ is necessarily monotonic: that is, if H ≤ G, then f ′(H) ≤
f ′(G). Conversely, if f is monotonic, then f = f ′; so every monotonic
function is of this form.
An obvious function is d(G), the minimum number of generators of G.
Now is is well-known that d(Sn) = 2; so this invariant is not very sensitive.
However, d′ is more interesting. Babai [1] raised the question of deter-
mining d′(Sn). The motivation was computational group theory: if we are
given an arbitrary (possibly very large) subset of Sn, and want to know the
size of the subgroup it generates, then we know that we can replace the given
set by a set of size at most d′(Sn) generating the same subgroup. This sug-
gests that we also want, if possible, an algorithmic method for finding such
a minimum-size generating set.
Babai considered the related function l, where l(G) is the length of the
longest chain of subgroups of G. Since, obviously, d(G) ≤ l(G), and l is
monotonic, (that is, l(G) = l′(G)), we see that d′(G) ≤ l(G) for any group
G. Babai proved that
d′(Sn) ≤ l(Sn) ≤ 2n− 1.
The exact value of Sn was established by Cameron, Solomon and Tu-
rull [3]:
l(Sn) =
⌈
3n
2
⌉
− b(n)− 1,
where b(n) is the number of 1s in the base 2 representation of n.
Jerrum [5] showed that d′(Sn) ≤ n− 1. His proof was algorithmic: given
an arbitrary set of permutations, a set of at most n− 1 permutations gener-
ating the same subgroup can be found efficiently.
The exact value of d′(Sn) was established by McIver and Neumann [6]:
d′(Sn) =
⌊n
2
⌋
for n > 3.
Whiston [7] considered the invariant µ(G), the maximal size of an in-
dependent generating set for G, where a set is independent if none of its
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elements lies in the subgroup generated by the others. Since any indepen-
dent set is an independent generating set for the subgroup it generates, µ′(G)
is the maximum size of an independent subset of G. The parameter µ(G)
appears in the work of Diaconis and Saloff-Coste [4] in the rate of conver-
gence of the product replacement algorithm for finding a random element of
a finite group.
Whiston showed that
µ(Sn) = µ
′(Sn) = n− 1.
However, he observed that there are groups with µ′(G) > µ(G).
Cameron and Cara [2] found all independent generating sets of size n− 1
in Sn.
2 The base measures
Let G be a permutation group on Ω. A base for G is a sequence of points of
Ω whose pointwise stabiliser is the identity. (Treating a base as a sequence
rather than a set fits in with the use of bases in computational group theory,
where the elements of a base are chosen in order.) A base is called irredundant
if no point is fixed by the pointwise stabiliser of its predecessors; it is minimal
if no point is fixed by the pointwise stabiliser of the other points in the
sequence.
It is computationally a simple matter to choose an irredundant base;
simply choose each base point to be a point moved by the stabiliser of the
points previously chosen. It is less straightforward to choose a minimal base.
Note that a base is minimal if and only if every re-ordering of it is irredundant.
Now, given a finite group G, we define three numbers b1(G), b2(G), b3(G)
as follows. In each case, the maximum is taken over all permutation repre-
sentations of G (not necessarily faithful).
• b1(G) is the maximum, over all representations, of the maximum size
of an irredundant base;
• b2(G) is the maximum, over all representations, of the maximum size
of a minimal base;
• b3(G) is the maximum, over all representations, of the minimum base
size.
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Clearly we have:
Proposition 2.1 b3(G) ≤ b2(G) ≤ b1(G).
These inequalities can be strict. The group G = PSL(2, 7) has b1(G) = 5,
b2(G) = 4, and b3(G) = 3.
Now b1(G) is a parameter we have seen before!
Proposition 2.2 b1(G) = l(G).
Proof Given an irredundant base of size b1(G), the stabilisers of its initial
subsequences form a properly descending chain of subgroups of length b1(G).
So b1(G) ≤ l(G).
Conversely, let
G = G0 > G1 > · · · > Gl = 1
be a chain of subgroups of length l = l(G). Consider the action on the union
of the coset spaces of the subgroups Gi, and let αi be the point Gi of the coset
space (G : Gi). Then (α1, . . . , αl) is an irredundant base. So l(G) ≤ b1(G).
We will see in the next section a connection between b2(G) and µ(G). I
know much less about b3(G). One observation is the following:
Proposition 2.3 Let G be a non-abelian finite simple group. Then b3(G)
can be calculated by considering only the primitive permutation representa-
tions of G.
Proof Given any permutation representation of G, we can discard fixed
points, so that G acts faithfully on each orbit. Now let b∗3(G) be the maxi-
mum of the minimum base sizes over all transitive representations of G, and
suppose that there is an intransitive representation with minimum base size
greater than b∗3(G). Now there exist at most b
∗
3(G) points in an orbit whose
stabiliser acts trivially on that orbit, and hence is trivial (since the action on
the orbit is faithful), contrary to assumption.
Now let b+3 (G) be the maximum of the minimum base sizes over all prim-
itive representations of G, and suppose that there is a transitive but imprim-
itive representation with base size greater than b+3 (G). There are at most
b+3 (G) maximal blocks whose stabiliser acts trivially on the block system,
and hence is trivial (since again the action is faithful), contrary to assump-
tion. 
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This proposition does not hold for b2(G). For the group G = PSL(2, 7) ∼=
PSL(3, 2), a minimal base in any transitive representation has size at most
3. However, in the action on the points and lines of the projective plane of
order 2, there is a minimal base of size 4, consisting of two points and two
lines such that each point lies on one of the lines and each line passes through
one of the points.
3 Boolean semilattices
The subgroups of the group G form a lattice L(G), with the operations
H ∧ K = H ∩ K and H ∨ K = 〈H,K〉. A meet-semilattice of L(G) is
a collection of subgroups containing G and closed under ∧, while a join-
semilattice is a collection of subgroups containing the trivial group 1 and
closed under ∨.
The Boolean lattice B(n) is the lattice of subsets of an n-set.
Proposition 3.1 Let G be a finite group. Then B(n) is embeddable as a
meet-semilattice in L(G) if and only if it is embeddable as a join-semilattice.
Proof Suppose first that B(n) is a join-semilattice of L(G). Let N =
{1, . . . , n}. Then, for every subset I of N , there is a subgroup HI of G, and
HI∪J = 〈Hi, Hj〉 for any two subsets I and J . Moreover, all these subgroups
are distinct. In particular, Hi 6≤ HN\{i} for all i (where Hi is shorthand for
H{i}); else
HN = 〈Hi, HN\{i}〉 = HN\{i},
contrary to assumption.
Let Ki = HN\{i}, and for any I ⊆ N , put
KI =
⋂
i∈I
Ki,
with the convention that K∅ = G. We claim that all the subgroups Ki are
distinct. Suppose that two of them are equal, sayKI = KJ . By interchanging
I and J if necessary, we may assume that there exists i ∈ I \ J . But then
Hi ≤ KJ while Hi 6≤ KI , a contradiction.
Now it is clear that KJ∩KJ = KI∩J , so we have an embedding of B(n) as
a meet-semilattice (where we have reversed the order-isomoprhism to simplify
the notation).
The reverse implication is proved by an almost identical argument. 
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Note that the conditions of the proposition are not equivalent to em-
beddability of B(n) as a lattice. For example, if G is the quaternion group
of order 8, then B(2) is embeddable as both a meet-semilattice and a join-
semilattice but not as a lattice.
Proposition 3.2 Let G be a finite group.
(a) The largest n such that B(n) is embeddable as a join-semilattice of
L(G) is µ′(G).
(b) The largest n such that B(n) is embeddable as a meet-semilattice of
L(G) in such a way that the minimal element is a normal subgroup of
G is b2(G).
Proof (a) Let {g1, . . . , gn} be an independent set in G, where n = µ
′(G).
Let N = {1, . . . , n}. Then the subgroups HI = 〈gi : i ∈ I〉 form a join-
semilattice of G isomorphic to B(n).
Conversely, suppose that we have a join-semilattice given by the sub-
groups HI for I ⊆ N . Choose gi /∈ HN\{i}. Then clearly the elements
g1, . . . , gn are independent.
(b) Let (α1, . . . , αn) be a minimal base for G in some permutation rep-
resentation. Let Ki be the stabiliser of αi, and KI =
⋂
i∈I Ki for I ⊆
N = {1, . . . , n}. Then the subgroups KI form a meet-semilattice of G. The
subgroupKN is the kernel of the permutation representation (by definition
of a base), and so is a normal subgroup of G.
Conversely, suppose that we have a meet-semilattice given by the sub-
groups KI for I ⊆ N , such that KN is a normal subgroup fo G; the notation
is chosen so that KI ∩KJ = KI∪J . Now consider the permutation represen-
tation on the union of the coset spaces of the subgroups Ki = K{i}. Since
the intersection of all these subgroups is normal, it is the kernel of the rep-
resentation, and the points corresponding to the subgroups Ki form a base.
It is minimal, since the intersection of fewer than n of the subgroups is not
equal to KN . 
Corollary 3.3 b2(G) ≤ µ
′(G) for any group G.
I do not know a group where the inequality is strict. Resolving this is
equivalent to the following question. Let n be maximal such that B(n) is
embeddable as a meet-semilattice of L(G). Is there an embedding of B(n)
for which the minimal element is normal?
From the above results, we conclude:
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Corollary 3.4 b2(Sn) = b3(Sn) = n− 1.
Proof We have
n− 1 ≤ b3(Sn) ≤ b2(Sn) ≤ µ
′(Sn) = n− 1,
wwhere the first inequality holds because any base in the natural representa-
tion has size n− 1; the second is trivial; the third comes from the preceding
Corollary; and the equality is Whiston’s theorem. 
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